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This article presents a collisionmodel that predicts vehiclemotions after a light impact.The focus of this
work is on the characterisation of changes in vehicle kinematic states due to the impact; hence detailed
analysis of vehicle component deformations is disregarded. Colliding vehicles are each modelled as
rigid bodies with four degrees of freedom (longitudinal, lateral, yaw, and roll), which is different from
the approach commonly used in the literature. The energy loss during impacts is accounted for through
an empirical coefficient of restitution. In contrast to the conventional momentum-conservation-based
method, the proposed approach takes tyre forces into account. Improved model prediction accuracy is
demonstrated through numerical examples. The developed collision model is useful for the prediction
of post-impact vehicle dynamics and the development of enhanced vehicle safety systems.
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1. Introduction

Vehicle collision mechanics are useful in fields such as vehicle crashworthiness, passenger

injury prediction, and forensic accident reconstructions. Structural analysis methods can be

used to construct complex numerical models (e.g., LS-DYNA [1] and PAM-CRASH [2]) to

determine vehicle structural deformations after crashes. To use these models, a large set of

vehicle component and material properties must be provided. Dedicated softwares such as

HVE from the Engineering Dynamics Corporation [3] and PC-Crash from DSD GmbH [4]

have been developed for accidents reconstruction purposes. The collision model in HVE is

based on the EDSMAC simulation program, which evolved from the Simulation Model of

Automobile Collisions (SMAC) program developed by Calspan [5] in the 1970s. To determine

vehicle motions during a collision, the algorithm in HVE checks for possible deformation

zones caused by the collision and calculates collision forces based on the vehicle structure

stiffness and deflections. The forces are then used to calculate accelerations and velocities [3].

In contrast, PC-Crash uses a momentum-based 2- or 3-dimensional collision model. Energy
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4 J. Zhou et al.

loss is accounted for with a coefficient of restitution. It does not attempt to solve the collision

forces during an impact. Instead, it relies on the law of momentum conservation to solve for

velocity changes before and after the collision [4].

The focus of this study is on the characterisation of changes in vehicle kinematic states due

to light impacts, and here light impacts refer to those collisions in which vehicles’ structural

deformations are not substantial, and dimensional changes can be ignored. Newton’s equa-

tions of motion relating momentum with impulse are the foundations for vehicle collision

mechanics [4–9]. Brach uses this approach in his books [6,7] to model collision events. The

vehicle is treated as a rigid body with three degrees of freedom (DOF), and vehicle defor-

mations and contact forces are not directly modelled. Another common assumption made

in earlier treatments is that other external forces, such as tyre forces and aerodynamic drag,

are negligible. Therefore, linear and angular momentums are conserved for the two-vehicle

system. Although in many situations the tyre forces are much smaller than the impact forces,

the momentum change induced by tyre forces can be substantial during an impact, espe-

cially when tyre slip angles are large. As will be shown later in this paper, if tyre forces

are ignored, significant deviations can be introduced in predicting lateral motions of the

vehicle.

Another novel idea proposed in this paper is to model colliding vehicles as rigid bodies with

four DOF, as opposed to bodies confined in the x–y plane. This approach makes it possible to

predict post-impact vehicle roll motion. This additional DOF, along with the inclusion of tyre

forces during the collision, reduces the error in predicting vehicle lateral and yawmotions. The

proposed model is not intended to capture the detailed structural deformations; instead, we

are more concerned with the changes in vehicle motions, in particular, longitudinal and lateral

velocities as well as yaw and roll rates. Simulation results will be demonstrated by comparing

the prediction results of this 4-DOF model against the commercial vehicle dynamics software

CarSimTM.

The rest of this paper is organised as follows. The momentum-based collision model is

reviewed in Section 2. Section 3 presents a new 4-DOF vehicle dynamics model that accounts

for both impact and lateral tyre forces. The formulation of the inter-vehicle collision problem

using the 4-DOF model is detailed in Section 4. Section 5 compares the computation results

of the proposed approach against those provided by the traditional momentum-conservation

method. Finally, conclusions are drawn in Section 6.

2. Momentum-conservation-based collision model

A well-known impact model based on the conservation of momentum method was developed

byBrach [6,7], which has been used extensively for accident reconstruction.This planar-model

is reviewed in this section, which serves as both the benchmark, and the foundation for our

new model. Figure 1 shows a planar view of the free body diagrams of two colliding vehicles.

Throughout the remainder of this paper, the target vehicle is denoted as Vehicle 1, and the

bullet vehicle is denoted as Vehicle 2. An earth-fixed coordinate system (XOY ) is assumed

to align with the road tangential direction. The orientation angle of the vehicles is denoted

as θ . An additional local coordinate system (n–t) is associated with the impact impulse. The

t-axis is parallel to an imagined crush plane common to both vehicles, and the n-axis is normal

to that plane. The choice of the crush plane is case-dependent and should define a nominal

deformation surface. The n–t coordinate system is related to the XOY coordinate system

through the angle 0.

To make the collision problem manageable, additional assumptions need to be made. The

resultant impulse vector is assumed to have a specific point of application. Following Brach
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Vehicle System Dynamics 5

Figure 1. A planar view of the free body diagrams for colliding vehicles.

[6], it is assumed that the location of this point (A/A′) is known and can be located by a

distance (d) and a polar angle (ξ ) measured from the vehicle centre of gravity (CG).

Since the vehicles are confined to the x–y plane, six pre-impact vehicle kinematic states

(v1x, v1y, ω1z, v2x, v2y , ω2z) are sufficient to describe the motions of the two vehicles. The

values of these variables are assumed to be known. Accordingly, there are six unknown

post-impact vehicle motion variables (V1x, V1y, Ä1z, V2x, V2y, Ä2z) to be calculated. Six

independent equations are sought to solve these variables.

In ref. [6], tyre forces are ignored and only collision-induced impulse inputs are considered.

Linear momentum is thus conserved for the two-vehicle system:

Px = m1 · (V1x − v1x) = −m2 · (V2x − v2x) (1)

Py = m1 · (V1y − v1y) = −m2 · (V2y − v2y) (2)

By taking moment of the momentum about vehicle CGs, two additional equations can be

obtained to relate pre- and post-impact vehicle yaw rates:

Izz1(Ä1z − ω1z) = Pxdc − Pydd (3)

Izz2(Ä2z − ω2z) = Pxda − Pydb (4)

whereda = d2 sin(θ2 + ξ2), db = d2 cos(θ2 + ξ2), dc = d1 sin(θ1 + ξ1), dd = d1 cos(θ1 + ξ1).

Finally, two more equations are derived from collision constraints: the coefficient of resti-

tution and the coefficient of tangential interaction [6]. The coefficient of restitution (e) is a

lumped measure of the energy loss during an impact. It is defined as the negative ratio of the

final to initial relative normal velocity components at the impact point (A/A′).

e = −
V2n − V1n

v2n − v1n
(5)

The magnitude of the coefficient of restitution depends on the body/bumper materials, surface

geometry [10], impact velocity [11], and so on. Determining its value accurately requires

extensive empirical data. Typical values of e are found to have an inverse relationship to

closing velocity [12], and range between 0 and 0.3 for rear-end impacts [13]. As shown in

Figure 2, large variation in test results exists. Inter-vehicle velocity difference also significantly

affects its value.
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6 J. Zhou et al.

Figure 2. Coefficient of restitution versus mass difference in rear collision tests [13].

From Figure 1, the normal components of the vehicle velocities at the impact point (A/A′)

can be substituted into Equation (5) to obtain

(V1y − ddÄ1z − V2y − dbÄ2z) sin0 + (V1x + dcÄ1z − V2x + daÄ2z) cos0

= −e[(v1y − ddω1z − v2y − dbω2z) sin0 + (v1x + dcω1z − v2x + daω2z) cos0] (6)

The coefficient of tangential interaction (µ) is a lumped measure of the frictional dissipation

during the impact, and relates the tangential impulse with the normal impulse:

µ =
Pt

Pn

(7)

A detailed discussion of inter-vehicle friction and its application in accident reconstruction

can be found in ref. [14]. By decomposing the total impulse along the n–t axes, Equation (7)

becomes

µ · (Px cos0 + Py sin0) = Py cos0 − Px sin0 (8)

Collecting Equations (1–4), (6), (8), and assembling them into a matrix form lead to
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

(9)

If vehicle parameters and collision conditions (such as orientation angle, coefficient of restitu-

tion, etc.) are known, Equation (9) can be solved either forwards (given the pre-impact states,
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Vehicle System Dynamics 7

to solve the post-impact states) or backwards (given the post-impact states, to reconstruct the

pre-impact states). The only exception is when e = 0, the coefficient matrix on the right-hand

side becomes singular, and the pre-impact vehicle states cannot be uniquely determined.

3. Four-DOF vehicle dynamics model

The impact model presented in the previous section is a 3-DOF planar model, which only

accounts for longitudinal, lateral, and yaw motions. The model in PC-Crash package [4] is

3-dimensional, and it does allow the impact to influence the 6-DOF motion of a rigid body.

However, the assumption that ground forces can be completely neglected during the collision

phase is reasonable for spacecraft collisions, but not for ground vehicle collisions. In addition,

the impact-induced roll motion cannot be captured by the planar model.

In this section, a 4-DOF model based on Segel’s lateral-yaw-roll model [15] is used to

develop anew impactmodel.Heave andpitchmotions of the vehicle are ignored.The schematic

diagram of the vehicle model is shown in Figure 3.

This vehicle model separates the rolling (sprung) massmR from the non-rolling (unsprung)

mass mNR. The rolling mass interacts with the non-rolling mass via suspensions (not shown).

The effect of the suspension elements at four corners is lumped into an equivalent torsional

spring and a damper around the roll axis (see also Figure 4c). The overall CG of the vehicle

is denoted M . The coordinate system xyz is fixed on the vehicle body, and its orientation

conforms to the ISO coordinate convention. The roll axis (the same as the x-axis here) passes

through the non-rollingmass and is assumed to be parallel to the ground. The distance between

the rolling mass CG and the roll axis is denoted h, whereas the height of the overall CG above

the ground is denoted hCG.

Figure 4 shows this vehicle model in three orthogonal views with impact forces applied to

the rear bumper. Also shown are vehicle longitudinal velocity (vx), lateral velocity (vy), yaw

rate (ωz), and roll rate (ωx). The impact forces (Fx , Fy) are assumed to be horizontal only. The

impact position (A) is located by the coordinates (xA, yA, zA), and both xA and yA are negative

in the rear-end collision scenario depicted in Figure 4. The dynamic equations of motion in

terms of longitudinal, lateral velocities, as well as rotational motion about the x-axis (roll) and

the z-axis (yaw) can be written as

M(v̇x − vyωz) = Fx (10)

M(v̇y + vxωz) − mRhω̇x = Fy + Fyf + Fyr (11)

Figure 3. 3D schematic diagram of a 4-DOF vehicle model.
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8 J. Zhou et al.

Figure 4. Schematic diagrams of the vehicle model with impact forces applied.

Izzω̇z + Ixzω̇x = xAFy − yAFx + aFyf − bFyr (12)

Ixxsω̇x + Ixzω̇z − mRh(v̇y + vxωz) = Fy(zA − h) + (mRgh − Ks)φ − Dsωx (13)

where

{

Fyf = Cf (δf −
vy+aωz

vx
), |Fyf | < MgµR

b
L
.

Fyr = Cr(
−vy+bωz

vx
), |Fyr | < MgµR

a
L

In other words, the lateral tyre forces Fyf and Fyr are assumed to be linear with slip angles,

but saturate at certain tyre adhesion limits.

4. Four-DOF vehicle collision model

In this section, a 4-DOF vehicle impact model is developed. To simplify the equations, it is

further assumed that the fore-aft centreline of the target vehicle is parallel to the road (θ1 = 0).

Two additional local coordinate systems are defined in Figure 5. The coordinate system x–y is

fixed on the target vehicle and the system x ′ − y ′ is fixed on the bullet vehicle, corresponding to

their longitudinal and lateral axes respectively. The action and reaction impact forces can then

be decomposed intoFx andFy , orFx ′ andFy ′ , which relatesmore directly to the vehicle dynam-

ics. A total of 12 unknowns need to be solved: post-impact longitudinal and lateral velocities,

yaw and roll rates for both bullet and target vehicles (V1x, V1y, Ä1z, Ä1x, V2x ′ , V2y ′ , Ä2z, Ä2x ′),

as well as the collision-induced impulses acting on the vehicles (Px, Py, Px ′ , Py ′). The eight

pre-impact vehicle states (v1x, v1y, ω1z, ω1x, v2x ′ , v2y ′ , ω2z, ω2x ′) are assumed to be available.
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Vehicle System Dynamics 9

Figure 5. A planar view of colliding vehicles with body-fixed coordinates systems defined.

Within the short duration of a collision, acceleration levels are high, velocity changes are

limited in magnitude, and displacements are negligible. The typical time duration for a colli-

sion is around 0.1–0.2 s [12,16,17]. A time duration of this magnitude justifies a trapezoidal

approximation for the integral of cross-terms in Equations (10)–(13). Equations (14)–(17)

present the formulation in integral form for the target vehicle.The corresponding four equations

for the bullet vehicle can be obtained in the same way and are omitted here.

M1 · (V1x − v1x) − M1

1t

2

(

V1yÄ1z + v1yω1z
)

= Px (14)

M1 · (V1y − v1y) + M1

1t

2
(V1xÄ1z + v1xω1z) − mR1h1 · (Ä1x − ω1x)

= Py −
1t

2
Cf 1

(

V1y + a1Ä1z

V1x
−

v1y + a1ω1z

v1x

)

−
1t

2
Cr1

(

V1y − b1Ä1z

V1x
−

v1y − b1ω1z

v1x

)

(15)

Izz1(Ä1z − ω1z) + Ixz1(Ä1x − ω1x) = PyxA − PxyA

−
1t

2
a1Cf 1

(

V1y + a1Ä1z

V1x
−

v1y + a1ω1z

v1x

)

+
1t

2
b1Cr1

(

V1y − b1Ä1z

V1x
−

v1y − b1ω1z

v1x

)

(16)

Ixxs1(Ä1x − ω1x) + Ixz1(Ä1z − ω1z) − mR1h1 · (V1y − v1y) − mR1h1
1t

2
(V1xÄ1z + v1xω1z)

= Py(zA − h1) − Ds1

1t

2
(Ä1x + ω1x) (17)

In the above equations, the duration of collision (1t) is assumed to be known. Lateral tyre

forces appear in the equations for lateral and yaw motions. When the vehicle is subject to

substantial lateral/yaw motions, lateral tyre forces may reach saturation limits even before

the collision ends. In that case, the lateral tyre force terms in Equations (15) and (16) will be

replaced with tyre adhesion limits.

Two additional equations are derived from the coefficient of restitution (e) and the coefficient

of tangential interaction (µ), both of which are assumed to be known a priori. The restitution

relationship is described by Equation (18) and the tangential interaction is accounted for in
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10 J. Zhou et al.

the same way as in Equation (8).

[(V2x ′ cos θ2 − V2y ′ sin θ2 − daÄ2z) cos0 + (V2x ′ sin θ2 + V2y ′ cos θ2 + dbÄ2z) sin0]

− [(V1x + dcÄ1z) cos0 + (V1y − ddÄ1z) sin0] = e[(v1x + dcω1z) cos0

+ (v1y − ddω1z) sin0]

− e[(v2x ′ cos θ2 − v2y ′ sin θ2 − daω2z) cos0 + (v2x ′ sin θ2 + v2y ′ cos θ2 + dbω2z) sin0]

(18)

Finally, two more equations project the collision impulses from the bullet vehicle coordinate

frame to the target vehicle coordinate frame.

Px = −Px ′ cos θ2 + Py ′ sin θ2 (19)

Py = −Px ′ sin θ2 − Py ′ cos θ2 (20)

The 12 equations can be collected and assembled in a matrix form that relates the post-impact

vehicle states to the pre-impact states. Equation (21) presents the block-matrix formulation

for a special collision scenario, in which both vehicles are assumed to travel along their own

longitudinal axes when the collision occurs. In other words, before the impact, vy, ωz, ωx

are all zero for both vehicles. The specific terms in matrix A and vector B are detailed in

the Appendix. The formulation for cases with non-zero pre-impact vy, ωz, ωx can be readily

accommodated by modifying corresponding entries in B.





A11 0 A13
0 A22 A23

A31 A32 A33



 · x = B (21)

where x =
(

V1x V1y Ä1z Ä1x V2x ′ V2y ′ Ä2z Ä2x ′ Px Py Px ′ Py ′

)′
.

It should be pointed out that unknown velocities (V1x, V1y, V2x ′ , V2y ′) also appear in the

coefficient matrix on the left-hand side, thus the 12 unknowns cannot be solved by direct

matrix inversion. This problem can be cast into a non-linear least-squares formulation and be

solved by general optimisation routines (such as lsqnonlin in Matlab). As a more practical

solution, pre-impact velocities (v1x, v1y, v2x ′ , v2y ′) can be used as initial guesses for the four

unknown velocities. Then the post-impact vehicle states and corresponding impulses can be

obtained by iteratively solving the 12 algebraic equations, until a specified tolerance is met

between two successive iterations.

The contact force at the impact point cannot be determined directly from this model.Various

collision impulse shapes (sinusoidal, square, triangular, and sine square profiles) have been

proposed to fit observed accelerometer signals in crash experiments [17,18]. In the end, after

the collision impulses have been resolved, given the assumed collision time duration 1t , the

impact force profile can be approximated.

5. Simulation results

The accuracy of the developed impact model is studied in this section. The computation results

from a commercial vehicle dynamics software, CarSim [19], provide a benchmark to assess

the accuracy of the planar and the proposed 4-DOF impact models.

In the simulation, both the bullet and target vehicles are of the same configuration. The

vehicle parameters are summarised in Table 1, which corresponds to the ‘baseline big SUV’
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Vehicle System Dynamics 11

Table 1. Vehicle parameters for the 4-DOF model.

Parameter Description Value Unit

M Total vehicle mass 2450 kg

mR, mNR Rolling mass, non-rolling mass 2210, 240 kg

a, b Distance from axles to vehicle CG 1.105, 1.745 m

hCG CG height above the ground 0.66 m

h Distance from sprung mass CG to the roll axis 0.40 m

Izz Vehicle yaw moment of inertia about z-axis 4946 kg·m2

Ixz Sprung mass product of inertia about roll and yaw axes 40 kg·m2

Ixxs Sprung mass roll moment of inertia about roll axis 1597 kg·m2

Ks Total suspension roll stiffness 94000 N·m/rad

Ds Total suspension roll damping 8000 N·m·s/rad

Cf , Cr Axle cornering stiffness, front and rear 145750, 104830 N/rad

Figure 6. An angled rear-end collision. Assume the bullet vehicle is only subject to longitudinal forces.

dataset in CarSim. The collision scenario is illustrated in Figure 6. Before the impact, the target

vehicle is aligned with the road tangent, whereas the bullet vehicle has a certain orientation

angle θ2. Both the bullet and target vehicles are travelling along their longitudinal directions

when the collision occurs, with v1x = 29m/s, v2x ′ = 33.5m/s; their initial lateral velocity,

yaw rate, and roll rate are all zero. The coefficient of restitution (e) is assumed to be 0.20 for

this rear-end crash. It is further assumed that no tangential impulse is generated during the

collision (µ = 0). The road adhesion condition is assumed to be at µR = 0.70.

The study will focus on the post-impact motions of the target vehicle. It is assumed that the

impact point of the bullet vehicle is located at the centre of the front bumper (ξ2 = 0), and

no lateral impulse is generated on the bullet vehicle (Py ′ = 0). Therefore, the bullet vehicle is

subject only to longitudinal resistant impulses, and no post-impact lateral/yaw/roll motions

will be generated.

The impact location of the target vehicle (1y) is 0.1m to the left of the rear bumper centre,

and the impact incidence angle θ2 is 25
◦. Computation results of more general settings will be

presented later in this section. Based on the computation in CarSim, after the impact the bullet

vehicle remains on the original course, but its velocity is reduced toV2x ′ = 30.6m/s. The post-

impact states of the target vehicle at the precise moment the collision is over (1t = 0.15 s)

are shown in Table 2 under the column heading ‘CarSim.’

The time responses to impact forces of the target vehicle are shown in Figure 7. The collision

starts at 2 s and ends at 2.15 s. The impact forces (Fx, Fy), which are based on the collision

impulse, are assumed to follow triangle profiles. Intense yaw motion and transient roll motion

are excited by the collision. As a result, large tyre slip angles make lateral tyre forces saturate

at adhesion limits. Since no driver intervention or activation of vehicle stability systems is
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Table 2. Comparison of computation results in an angled rear-end collision.

Target vehicle

Kinematic states Bullet vehicle CarSim 4-DOF Planar

Pre-impact vx (m/s) 33.5× cos 25◦ 29

vy (m/s) 33.5× sin 25◦ 0

ωz (deg/s) 0 0

Post-impact Vx (m/s) 30.6× cos 25◦ 31.3 31.1 31.9

Vy (m/s) 30.6× sin 25◦ 4.3 4.5 1.4

Äz (deg/s) 0 −89.9 −95.3 −109.0

Äx (deg/s) 0 −13.2 −15.8 –

scheduled, the vehicle simply spins out and skids sideways after the impact, eventually with

a lateral acceleration of approximately 0.7 g.

Then the same collision problem is solved by both the proposed approach based on the

4-DOF vehicle model and the momentum-conservation method as formulated in Section 2.

For easier comparison, the obtained post-impact target vehicle states are collected in Table 2

under the headings ‘4-DOF’ and ‘planar’ separately.

With the proposed approach, the post-impact translational velocities agree well with those

computed by CarSim. The predicted yaw rate and roll rate show certain deviations; however,

compared with the results obtained from the planar model, the accuracy has been substantially

improved. The error in roll rate prediction is largely due to the non-linear effects of the

suspensions. The pre- and post-impact translational and rotational velocities are also plotted

on Figure 7 and marked with circles.

Figure 7. Responses of the target vehicle involved in a collision. Circles indicate the pre-impact and the post-impact
vehicle states predicted by the proposed approach.
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Figure 8. Contour plots of absolute CG velocity change, post-impact yaw rate, and roll rate for the target vehicle
in angled rear-end collisions.

The momentum-conservation-based planar model over-predicts the yaw rate, and cannot

be used to calculate the vehicle roll motion. As a matter of fact, if we further analyse the

CarSim results within the collision time interval, it is found that the ratio of the impulses due

to tyre lateral forces and those due to the external impact is roughly 0.37 for this particular

case, a value too substantial to be disregarded. By ignoring the contribution of tyre forces

in a collision, the momentum-conservation computation risks producing significant errors in

predicted results.

Figure 8 shows contour plots for a matrix of rear-end collisions, with respect to absolute

CG velocity change, post-impact yaw rate, and roll rate for the target vehicle. The simulated

rear-end collisions are similar to that illustrated in Figure 6, but the incidence angle of the bullet

vehicle and the impact point on the target vehicle are varied. Prior to the impact, the target

vehicle was parallel to the road tangent, and the bullet vehicle had an orientation angle (θ2)

between 0◦ and 30◦, whereas the collision offset (1y) varies between−0.5m and 0.5m. Both

vehicles were travelling along their own longitudinal axes, with velocities v1x = 29m/s and

v2x ′ = 33.5m/s. Uniform values of collision coefficients are assumed for all cases: e = 0.20,

µ = 0, thus 0 = θ2.

Given the 4.5m/s pre-impact closing velocity, Figure 8 shows that the post-impact yaw

rate of the target vehicle can exceed 100◦/s when the incidence angle is just 30◦. Overall the

post-impact yaw rate and roll rate are much more sensitive to incidence angle than to collision

offset. Similar contour plots can also be plotted for collisions of other configurations, such as

side impact and frontal impact. These plots offer an efficient and a reasonably accurate way

to examine the consequences of a class of light collisions.

In brief, in this section a collision problem is first solved in a full-feature vehicle dynamics

software, and the computational results are used to evaluate the accuracy of other simpli-

fied approaches. The approach proposed in this study is based on a 4-DOF vehicle model

and accounts for impact forces and tyre forces simultaneously. Computational results con-

firm improved accuracy in the predicted post-impact vehicle states, especially translational

velocities and roll rate.
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6. Conclusions

Vehicle collision problems have been approached in diverse disciplines. The focus of this study

is on the characterisation of changes in vehicle kinematic states due to light impacts, including

translational velocities, yaw rate, and roll rate. The proposed vehicle impact model extends

the traditional momentum-conservation approach by incorporating tyre forces and sprung

mass roll motion. Numerical results demonstrate improved accuracy in predicting post-impact

vehicle states. The proposed approach provides an efficient and reasonably accurate way to

characterise vehicle motions immediately after an impact. The developed collision model is

useful for the prediction of post-impact vehicle motions and the development of enhanced

vehicle safety systems.
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Appendix

A11 =

























m1 0 −m1
1t

2
V1y 0

0 m1 +
1t

2

Cf 1 + Cr1

V1x
m1

1t

2
V1x +

1t

2

a1Cf 1 − b1Cr1

V1x
−mR1h1

0
1t

2
·
−a1Cf + b1Cr

V1x
−Izz1 −

1t

2

a21Cf 1 + b21Cr1

V1x
−Ixz1

0 −mR1h1 Ixz1 − mR1h1
1t

2
V1x Ixxs1 +

1t

2
Ds1
























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A13 =







−1 0 0 0
0 −1 0 0

−yA xA 0 0
0 −(zA − h1) 0 0







A22 =

























m2 0 −m2
1t

2
V2y′ 0

0 m2 +
1t

2

Cf 2 + Cr2

V2x′
m2

1t

2
V2x′ +

1t

2

a2Cf 2 − b2Cr2

V2x′
−mR2h2

0
1t

2
·
−a2Cf 2 + b2Cr2

V2x′
−Izz2 −

1t

2

a22Cf 2 + b22Cr2

V2x′
−Ixz2

0 −mR2h2 Ixz2 − mR2h2
1t

2
V2x′ Ixxs2 +

1t

2
Ds2

























,

A23 =







0 0 −1 0
0 0 0 −1
0 0 −yA′ xA′

0 0 0 −(zA′ − h2)






, A31 =







0 0 0 0
0 0 0 0
0 0 0 0

cos0 sin0 dc cos0 − dd sin0 0






,

A33 =







1 0 cos θ2 − sin θ2
0 1 sin θ2 cos θ2

µ cos0+ sin0 µ sin0− cos0 0 0
0 0 0 0







A32 =







0 0 0 0
0 0 0 0
0 0 0 0

− sin θ2 sin0 − cos θ2 cos0 sin θ2 cos0 − cos θ2 sin0 da cos0 − db sin0 0







B =
(

m1v1x 0 0 0 m2v2x′ 0 0 0 0 0 0 B12
)′

where B12 = −e [(−v2x′ sin θ2) · sin0+(v1x − v2x′ cos θ2) · cos0].
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