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Example 1: Vicino and Tesi [10]

Consider a polynomial with linearly-dependent uncertain
parameters §; and §;:

¢(5;61,82) = s* + (62 + 3)s® + (62 + 5.5)8> + (61 + 62 + 4.5)s
+ 36 —62+5.5

The two real critical constraints can be found as

Re{¢(jw;8)} = 0 — fi(w)det[l) + A1 My (w)] =0
Im{¢(jw; 8)} = 0 — fo(w)det[l> + Az My (w)] = 0

where

fl(w) = l, fz(w) =w, Al = Az = diag(&l, (52)

1 1 2
M) = 5 ¥55 [ 1 ][3"“’ o 1

= 1 1 2
Mz(w)—m_—s[l][l, 1-w]
And we obtain
[3—w?l+1

mw) = o' — 5507 753
p2(w) = %
The critical corner matrices of p;(w) and pz (w) are
Ey = —diag{sgn(3 — w?), sgn(~1)}sgn(w* — 5.50° + 5.5)
E; = —diag{sgn(1), sgn(l —w?®)}sgn(—3w? + 4.5)
At the degenerate frequency of w = 0, we have
#(0) = p1(0) = 1.375

By solving p1(we) = pa(we) for we, we find four critical
frequencies. The corner matrices of n1(w) and po(w) are
the same only at w, = 1.4142, and they are E;, = B, =
diag(1,~1). Since p;(1.4142) < £(0), the critical instabil-
ity occurs at we. = 1.4142. The ecritical corner matrix is
E*=F =E, = diag(1, —1) and the critical corner vector
ise* =(1,-1).
The real parameter margin «* becomes

k" =1/p12 = 1/py(we) = 1/p2(we2) = 0.75
where w. = 1.4142 and the critical parameter values are:

(61,62) = k™" = x*(1, 1) = (0.75, —-0.75)
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Example 2: De Gaston and Safonov [3]
Consider a feedback control system consisting of a plant
transfer function G(s) and a compensator K (s) given by
P - s+2
G(8)= ———— ;. K(s)=
() s(s + p2)(s + p3) (=) s+10

The uncertain parameters are described by:

P =800(1+€1), '61' 501
P2 =4+e, le2] <0.2
P3 = 6 + €3, Ifal S 0.3

The closed-loop characteristic polynomial is
d(s561,62,63) = 8* + 015 + a2s® + 38 + a4
where

a1 =204+ ¢€ + €3

a2 =124 + 16¢2 + 14€3 + €2€3

a3 = 1040 4 800¢; + 60€2 + 40€a + 10¢ez€3
ay = 1600(1 + €;)

The uncertain parameters are normalized as
hi=ea/01, 6 =€/0.2, 6 =¢3/0.3
The two real critical constraints can then be obtained as:
Re{¢(jw; 6)} =0-—fi (w) det[11 + A M, (w)] =0
Im{g(jw; 6)} = 0 — fo(w)det[l2 + Az My(w)] = 0
where
Hhw) =1, fa(w)=w
Al=0Ar=A= diag(é1, 62, 83)
Mi(w) = Ri(w)Ai(w)Li(w), i=1,2

1 0
Ry(w) = [ -3.2w% 1 }

and

1 0
Ry(w)= | 12-02w2 -1
1 (i}
_ | 160 1 —4.24,2
Liw)=1"" o 00602 ]
0 1 12-0.302
0 0 0.6

2 4)~1
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|
|
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Figure 1: Example 2.

As shown in Fig. 1, plots of p1(w) and pz(w) versus w
intersect at two frequencies. We further find that only at
we = 8.2282, the corner directions for both u1(w) and p2(w)

are the same. Thus the critical corner matrices are
E1 = E2 = diag(l,—l, —1)
and the real parameter margin is found as

k' =1/ p" =1/ pm(we) = 1/ pa(we) = 3.4174

where w. = 8.2282. The corresponding critical corner vector

is e = (1,—1,~1) and the critical parameter values are

(pl,pg,p;;) = (1073.36, 3.3165, 49748)

Example 3: Ackermann’s Multilinear Polynomial

(15,8]

Consider a characteristic polynomial with £ uncertain pa-

rameters p; given by:

¢ 4
B(s;p) = £(£—1) +r 426+ I)Zp. +2ZP-'P; +
i=1 1<y

4 ¢
€+ p)s+(E+D p)s’+ s
=1 =1

Here we consider a case of
£=4, r=05 poi=4; (1=1,..,4)

and let
pi=poi+6i; (1=1,..,4)

The two real critical constraints can be found as follows:

Re{d(jw;6)} =0 — fi(w)det[y + s My(w)] =0
Im{¢(jw;6)} =0 — fa(w)det[lz + Az My(w)] =0

where
filw)y=1, folw)=w
Al = diag(ﬁl, 62, 62, 63, 63, 637 63, 64)
A, = diag(6, b2, 83, 84)

and

M (@) = Ri(w) AT () La(w)

GGT

= Po1 + Poz + Poz + pos +4 —w?
R 0
Rl(w) = ]4)(4 0

Mz(w)

RS] R32
where
1 0 0 O
Ry = l: 1 0 0 O :l
01 0 0
Ry =[10 —w?, 2, 2, 0]

—P0314x4 Lixs

A;(w):[ An An}

a1 a2 aj3 O

_ | —po 1 0 0
Au = —po2 O 1 0
0 —po2 0 1

an =1247° —40” 4 (10 — w2)(Pox + po2 + Po3 + Pos)
a12 = 2(poz + po3 + pos)
a1s = 2(poa + pos)

2poa 0 0 O

0 0 0 0

Az = 0 0 0 O
0 0 0 0

_ Ly 1
Liw) = [ Irx1 0 ]
L =[10—w? 10-u? 2, 10-u? 2, 2, 0]
o=[1, 1, 1, 1|7
Since M>(w) is a rank-one matrix, we have
O’Tﬂf
|[Po1 + poz2 + pos + pos + 4 — w?|

p2(w) =

By Lemma 4, ui(w) can be found by checking corners, as
follows:

m(w) = max pl—E1 My (w)]

As shown in Fig. 2, we find that the p1(w) and p2{w) plots
intersect at two frequencies:

we1 = 2.6458 and w2 = 3.0000

At these frequencies, pi(wc) and p2(wc) have the following
corner matrices

Ey = diag(e1,ez2,e2,¢€3,¢€3,€3,€3,€4)
E, = diag(e1,e2,¢€3,€4)

e =€y =e3 =¢€4 =1
Then we have

w(wa ) = piz(wer) = p2(wer) = 0.3636
wlwer) = prz(we2) = pa(we2) = 0.3077

The real parameter margin is found as

£ =1/p" = min{1/p12(we)} = 2.75

and the critical parameter values are

(p1,p2,p3,p4) = (1.25,1.25,1.25,1.25)
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Figure 2: Example 3

Example 4: Chang et al. [6]

Consider the closed-loop characteristic polynomial of the
second example of [6]:

¢(3;61,6g,63)=s4+a133+a232+a33+a4 (1)
where

a; = 10.4 — 0.36; — 0.38;

az = 38.14 — 2.316; — 2.918; 4 0.4583 + 0.096, 62

a3 = 58.12 — 5.976; — 8.2862 + 1.7483 + 0.636,62
— 0.1358263

a4 = 31.16 — 5.226; — 6.848, + 0.4883 + 1.088, 62
— 0.276263

One of the critical constraints has the form of

A, = diag(, 62, 63)
M, (w) = Ri(w)Ar (w) L1 (w)

and

[ 2.31w? — 5.22  0.09w? — 1.08
R1(w) = 1 0

| 0.48 — 0.450° 0.27

[ 1 29102 —684 1
Liw =14, 1 0 ]

[ (w* - 38.140% + 31.36)~ 0
Arw) = | ’ -

Hence the critical parameters will attain their values at the
corner according to Corollary of Theorem 1. The two con-
straint real u or real y can be found as

"= p2(we) = pa(we) = max pl—EM;(w.)] = 0.2755

where w. = 0. The real parameter margin is
£ =1/p" = 3.6297

and the corresponding critical corner matrix is
E* = diag(1,1,1)

For the nominal values of §; = 0 (i = 1,2,3), the corre-
sponding critical parameter values are

(61,82,85) = (3.6297,3.6297, 3.6297)
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Figure 3: Example 5

Example 5: Barmish et al. [12]

Consider a polynomial:

#(s;61,62) = s* + (4 — 82)s® + (8 — 26,)5°
+ (12 = 385)s + (9 — 81 — 56,)

We use this example to show that the discontinuity in the
real p measure occurs at the degenerate frequencies and to
further demonstrate that the real u can be determined using
one of the single-constraint real u.

The two real critical constraints are

RE{¢(]W)} =0— fl(w)det[I + A M, (w)] =0

Im{¢(]w)} =0— f)(w) det[I + AgMz(w)] =0

where

Al = diag(&;,&g), Ap = 62
h@)=1, f2(w) =43 -w’)w

_ 1 w?-1 -5
M(w) = s ot [ 2,2 _1 -5 ]
Mz(w)=—1/4

At w = /3, the two real critical constraints reduce to one
real critical constraint; i.e., w = /3 is the degenerate fre-
quency. Since there are two constraints when w # /3, the
two constraint real g measure pi2(w) becomes discontinu-
ous at w = /3. As shown in [12], the worst case occurs at

w = /3 and it should occur at a corner. Thus the two single
constraint real 4 measures are

[20* — 1] +5

l‘l("‘") = Ig — 8w? +w4|:

p2(w) = 0.25

See Fig. 3 for 1/p1(w) plot. The real u* or the real parameter
margin «* is then found as

p=1/8" = m(V3)=5/3
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