SAE TECHNICAL
PAPER SERIES 2008-01-2986

Trail-Braking Driver Input Parameterization
for General Corner Geometry

Efstathios Velenis
Brunel University

Panagiotis Tsiotras
Georgia Institute of Technology

Jianbo Lu
Ford Motor Company

Motorsports Engineering Conference
Concord, North Carolina

LAE International Seeomoer 2.4 008

400 Commonwealth Drive, Warrendale, PA 15096-0001 U.S.A. Tel: (724) 776-4841 Fax: (724) 776-0790 Web: www.sae.org




The Engineering Meetings Board has approved this paper for publication. It has successfully completed
SAE's peer review process under the supervision of the session organizer. This process requires a
minimum of three (3) reviews by industry experts.

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or
transmitted, in any form or by any means, electronic, mechanical, photocopying, recording, or otherwise,
without the prior written permission of SAE.

For permission and licensing requests contact:

SAE Permissions

400 Commonwealth Drive
Warrendale, PA 15096-0001-USA
Email: permissions@sae.org

Tel: 724-772-4028
Fax:  724-776-3036

Global Mobility Database®

All SAE papers, standards, and selected
books are abstracted and indexed in the
Global Mobility Database.

For multiple print copies contact:

SAE Customer Service

Tel: 877-606-7323 (inside USA and Canada)
Tel: 724-776-4970 (outside USA)

Fax:  724-776-0790

Email: CustomerService @sae.org

ISSN 0148-7191
Copyright © 2008 SAE International

Positions and opinions advanced in this paper are those of the author(s) and not necessarily those of SAE.
The author is solely responsible for the content of the paper. A process is available by which discussions
will be printed with the paper if it is published in SAE Transactions.

Persons wishing to submit papers to be considered for presentation or publication by SAE should send the
manuscript or a 300 word abstract to Secretary, Engineering Meetings Board, SAE.



2008-01-2986

Trail-Braking Driver Input Parameterization

Copyright © 2008 SAE International

ABSTRACT

Trail-Braking (TB) is a common cornering technique used
in rally racing to negotiate tight corners at (moderately)
high speeds. In a previous paper by the authors it has
been shown that TB can be generated as the solution to
the minimum-time cornering problem, subject to fixed
final positioning of the vehicle after the corner. A TB
maneuver can then be computed by solving a non-linear
programming (NLP). In this work we formulate an
optimization problem by relaxing the final positioning of
the vehicle with respect to the width of the road in order to
study the optimality of late-apex trajectories typically
followed by rally drivers. We test the results on a variety
of corners. The optimal control inputs are approximated
by simple piecewise linear input profiles defined by a
small number of parameters. It is shown that the
proposed input parameterization can generate close to
optimal TB along the various corner geometries.

INTRODUCTION

The problem of trajectory planning for high-speed ground
vehicles presents an enormous technical challenge.
Several numerical optimization approaches have been
presented mainly for lap time simulation applications [1],
[2], [3], [4]. These trajectory optimization schemes
incorporate the full transient behavior of accurate, high
order dynamical models, thus producing realistic results.

Rally racing involves additional challenges compared to
closed circuit racing, as it takes place in open, changing
and uncontrolled environments. Unlike closed circuit
racing of high performance vehicles (e.g. F1), to date
there has been only a limited amount of work correlating
driving techniques used by expert rally drivers with
mathematical models. In [5] a numerical optimization
approach, involving a single-track vehicle model, was
proposed to study the optimality properties of Trail-
Braking and Pendulum-Turn cornering techniques used in
rally racing, by solving several minimum-time cornering
scenarios along a 90deg corner. In [6] the steering,
throttle and brake inputs of an expert driver were
recorded during the execution of aggressive cornering
maneuvers. Simple parameterizations of the recorded
inputs were optimized to reproduce the same maneuvers
along a 90deg corner using a high fidelity vehicle model.
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In this work we concentrate on a high-speed cornering
technique commonly used in rally racing, the Trail-
Braking (TB). Trail-Braking is applied to negotiate single
tight corners at high speeds. The main idea of TB is the
use of simultaneous steering and torque inputs well into
the corner and also the use of simultaneous throttle and
brake commands to control the normal load distribution
among the wheels via the load transfer effect, hence
changing the instantaneous handling characteristics
(under/over-steer) of the vehicle [7], [8]. Typical
characteristics of the TB maneuver include high vehicle
slip angles and yaw rates. In addition, expert rally drivers
follow the so-called “late-apex” line through the corner
during execution of TB, that is, they exit the corner close
to the inner edge of the road. Trail-Braking should not be
confused with hand-brake cornering, which is typically
applied at lower speeds [7], [8]. Rally drivers use such
aggressive driving techniques in order to bring the vehicle
to a stable straight line driving condition in a short
distance after the corner, allowing themselves to react to
unexpected changes in road conditions ahead, which are
typical during open-road racing. The above
characteristics of the TB maneuver were qualitatively
verified using data collected during the execution of the
TB technique along a 90deg corner by Mr. Tim O’Neil, a
rally driver and competitive driving instructor [6]. It has
been shown [5] that TB along a 90deg corner can be
generated as the solution to a special case of the
minimum time cornering problem, subject to fixed final
positioning of the vehicle using non-linear programming
(NLP).

In this work we apply the methodology of [5] on a variety
of corner geometries to validate the optimality properties
of the Trail-Braking maneuver. In addition, we relax the
boundary conditions corresponding to the final positioning
of the vehicle with respect to the width of the road and
study the optimality of late apex trajectories typically
followed by rally drivers. The derived optimal control
inputs are then approximated by piecewise linear profiles,
defined by a small number of parameters. Using an
alternative optimization scheme, we demonstrate that the
parameterized input profiles can be adjusted to generate
close to optimal TB along the various corner geometries.
The parameterized inputs optimization scheme is also
implemented using a high fidelity vehicle model to



generalize the results of [6] with respect to the corner
geometry.

NOMENCLATURE
X,y Cartesian coordinates of the vehicle’s C.G.
v Yaw angle of the vehicle
w, i=F,R Front/rear wheel rotational rate
m Vehicle mass
I, Vehicle moment of inertia with respect to
the yaw axis
I, i=F,R Front/rear wheels moments of inertia with

respect to the axis of rotation

fi, i=F,R, Front/rear wheels longitudinal/lateral friction

J=x,y,Z and normal load
Uy i=FR, Front/rear wheels longitudinal/lateral tire
=Xy friction coefficients
I, i=FF,R Front/rear wheel center distance from C.G.
h C.G. height
r, iFF,R Front and rear wheel radius
T, I=F,R Front/rear wheel torque
) Front wheel steering angle
Us Non-dimensional steering command
ur Non-dimensional torque command
Cs Steering command gain
Ciace, IFF,R Front/rear wheel accelerating torque gain
Cior, I=FF,R Front/rear wheel braking torque gain

TRAIL-BRAKING OPTIMALITY VALIDATION FOR
GENERAL CORNER GEOMETRY

In this section we apply the optimization scheme
introduced in [5] to reproduce Trail-Braking maneuvers
along a variety of corner geometries. This time we allow
free final positioning of the vehicle with respect to the
width of the road in order to study the optimality of late-
apex trajectories typically followed by rally drivers.

VEHICLE MODEL

Rally drivers take advantage of the normal load transfer
from the front to the rear axle and vice versa during
acceleration and braking in order to control the yaw
motion of the vehicle [5], [6], [7], [8]. The single track
vehicle model used in [5] (Fig.1) is of low dimensionality
and can be efficiently incorporated in a numerical
optimization scheme. Although the above vehicle model
assumes symmetry with respect to wheels of the same
axle and neglects lateral load transfer effects, it does take
into consideration the essential longitudinal load transfer
effects that appear to be dominant during the execution of
the Trail-Braking technique [7], [8].

Figure 1: The single track model.

The equations of motion of the single track model are
given as follows:

M= f, oS +8)= fr, SINW +8)+ fy, cosy — fy,siny (1)
my = fr sin(y +8)+ fy, cos(y +8)+ fr, siny + fo, cosy  (2)
LY =(fr, €080+ fr, sin0)C . — fo, (3)
Lo, =T —fr, i=F,R (4)

Assuming linear dependence of the friction forces on the
normal load at each wheel, one obtains

fij:fiz.uija i=F,R, J=Xy

where f; is the normal load at each of the front and rear
axles, and wu; is the longitudinal and lateral friction
coefficients of the front and rear tires. The friction
coefficients y; are calculated using Pacejka’s Magic
Formula for combined longitudinal and lateral motion of
the tire [9], normalized by the corresponding axle normal
load.

Neglecting the suspension dynamics, the normal load
transfer effect is incorporated in the vehicle model using a
static map of the acceleration of the vehicle in the
longitudinal direction:



f — mg(t)R_h:LtRV)
T L+ h(uy, COSO — Uy, SING — Uy,)

fRz :mg_fFZ,

where L is the wheelbase.

The following maps are used to calculate the control
inputs, Tr, Tg and & from the non-dimensional
throttle/brake ur and steering us commands.

0=Csus, ugze[-1+1]

T = —sgn(@,)Cyy iy, up € [0,+1] (braking)
¢, Uy,

e u, € [-1,0] (acceleration)’

where i = F,R. The constants Cs, Cracc, Crace, Crom and
Cron determine the vehicle’s performance. In the following
we assume a single track model with Front Wheel Drive
(FWD), hence Cr..c = 0. We note, however, that the TB
technique can be applied using vehicles of all types of
transmissions (RWD and AWD) [7], [8]. In a later section,
where we will introduce a high fidelity vehicle model, and
we will demonstrate the technique using an AWD vehicle.

For the numerical examples using the single track vehicle
model we use the following set of parameters:

Table 1: Single Track Model Parameters.

m 1450 kg r 0.3m Cs 60 deg

L 2740 kgm? | Ik 1.1m Cracc 1000 Nm

I,' 1.8 kgm2 Ir 16m C(F,R)brk 700 Nm

OPTIMAL CONTROL FORMULATION

In the following, we formulate the minimum-time
cornering problem for the single-track model (1)-(4) along
the 60, 90, 135 and 180deg corners of Figs. 3, 5, 7 and 9

respectively, on a low u surface (u = 0.5 for gravel).

All corners are of inner radius of 10m and outer radius
20m. The vehicle is required to remain within the road
limits, which translates to a state constraint in the optimal
control formulation. We define:

2 2
Cs(x,y)={wl“5+y Jor y20

otherwise

The following state inequality constraint has to be
satisfied at all times in order for the vehicle’s C.G. to
remain within the limits of the road:

10m < Cy(x,y) £20m (5)

The state constraint (5) is the same for all the different
corners considered in this work.

The boundary conditions consist of fixed initial position,
orientation and velocity of the vehicle, partially fixed final
position and orientation and free final speed:

x, =18m, y,=-30m, x,=0, y,=60kph, y, =0

y,=m/2, y,=0, V, =Yy, o, l/./_f=O~ ©)

with the corner angle o, = 60, 90, 135, 180deg.

As in [5], we require that the vehicle returns to the straight
line driving condition immediately after it reaches the
geometric end of the corner. In the current formulation,
however, we allow free positioning of the vehicle with
respect to the width of the road. Specifically we use the
following boundary conditions at the end point of the
optimization:

v, /x, =tane, for o, =60, 90°

(7)

y;lx,=tane,, x,<0  for o, =135, 180°

The selection of the above boundary conditions is
motivated by the challenges encountered during high-
speed rally driving. Unlike closed circuit racing, rally
racing involves an unpredictably changing environment
and lack of detailed information about the condition of the
road. Rally drivers bring their vehicles in a controllable
straight line driving state in a short distance after the
corner, a strategy that allows them to react to
emergencies and unexpected changes in the environment
after each corner.

Considering the dynamics of the system (1)-(4) we wish
to find the optimal control inputs ur(f) and ust) that
minimize the following cost function:

J=t,

subject to the state constraint (5) and the boundary
conditions (6) and (7).

We use collocation to transcribe the above optimal
control problem to a nonlinear programming problem by
discretizing the continuous system dynamics (1)-(4).
Consequently, the control inputs urf) and ust) are
approximated with constant functions during each time
interval. The numerical calculations are performed using
EZOPT [10], a front-end user interface gateway to
NPSOL, a well-known nonlinear optimization code.

DRIVER INPUT PARAMETERIZATION

In this section we present an alternative optimization
scheme to reproduce TB maneuvers. Namely, we
approximate driver steering and throttle/brake inputs with
piecewise linear profiles (Fig.2) defined by a small
number of parameters s, Cs, by, Cvi, [5]. Thus, we achieve



a considerable reduction of the optimization search space
compared to the previous scheme where the control
inputs are optimized at each time step. In addition, we
replace the previous optimization algorithm (NPSOL) with
the simplex method of [11] (Nelder-Mead), a direct search
method that does not use numerical or analytic gradients.

The simplified optimization scheme is used to reproduce
TB maneuvers along the 60, 90, 135 and 180deg corners
of the previous formulation using the control input
parameterization of Fig.2. The dynamics of the vehicle
and the initial conditions (position, velocity and orientation
of the vehicle) remain the same as in the previous
formulation. The position of the vehicle at the end of the
optimization is partially fixed. As in the previous
formulation, while the final positioning of the vehicle with
respect to the width of the road is free, the end point of
the optimization satisfies (7). The speed of the vehicle at
the end of the optimization is free.

—— steering
— throttle/brake | |

Control Inputs

time

Figure 2: Parameterized steering and throttle/brake
inputs for Trail-Braking.

Assuming that the trajectory is known at discrete instants
fo=t <...< ty = t;, we wish to find the optimal parameters
tsi, Csiy b, Coi, that minimize the following cost function:

N
J=Wit, +W,Y e (t)+W,e,(t,)+W,e,t,)+W,e,t,),

k=1

where t is the final time, e, is the absolute value of the
position error from the road limits, e,(t) is the final
absolute orientation error, e.(f;) is the final absolute lateral
velocity of the vehicle and e/(f;) is the final absolute yaw
rate of the vehicle. The weights W, are used for non-
dimensionalization and to adjust the relative significance
between the terms in the cost function. The optimization
was performed in Matlab using an unconstrained
nonlinear minimization algorithm (Nelder-Mead).

OPTIMIZATION RESULTS
In the following we compare the results produced by the

two optimization schemes described above along the
different corner geometries.

Figures 3, 5, 7 and 9 show the Trail-Braking trajectory
generated using the input parameterization along the 60,
90, 135 and 180deg corners respectively. While the
optimization ends at the geometric end of the corners, as
shown in the Figs. 3, 5, 7, 9, the simulation continues
with the car accelerating hard (ur = -1) on a straight line
(us = 0) to demonstrate that the final boundary conditions
have been satisfied. The optimal control inputs, vehicle
speed and slip angle along the 60, 90, 135 and 180deg
corners, from both optimization schemes, are shown in
Figs 4, 6, 8 and 10 respectively.

In all of the optimization scenarios the control inputs
(Figs 4, 6, 8, 10) are in agreement with the empirical
guidelines provided by an expert rally driver [8] and the
data collected during execution of the TB technique along
a 90deg corner [6]. That is, hard braking is followed by
progressive increase of the steering command towards
the direction of the corner and simultaneous progressive
release of the brakes. The driver counter-steers and
applies throttle transferring load to the rear wheels to
control the oversteer at the exit of the corner. We notice
that aggressive slip angles are developing during the
execution of the TB technique (Figs 4, 6, 8, 10), in
agreement with the driving style of rally drivers. The slip
angles increase noticeably with increasing corner angle.
As expected, the vehicle maintains higher speed along
the smaller corner angles. In addition, in all of the
optimization scenarios the vehicle follows a “late-apex”
line, that is, it finishes cornering at the geometric end of
the corner and exits close to the inner limit of the road
(Figs 3, 5,7, 9).

The parameterization of the control inputs of Fig.2 was
used in [5] to approximate the TB solution along a 90deg
corner. We observe that the same input parameterization
successfully reproduces TB along all the different corner
geometries with the modified boundary conditions in
relation to [5]. In addition, the solutions generated using
the simplified optimization scheme with the
parameterized inputs, are very close to the ones
generated using the NPSOL algorithm, where the driver
command are optimized at each time step (Table 2). We
notice that in the case of the 180deg corner the vehicle
exits the corner with a slight understeer, as the reversal
of the slip angle sign at t = 6 sec reveals. We also notice
that in the steering command generated by the NPSOL
algorithm counter-steering is followed by a steering
command towards the direction of the corner (5 < t <
7sec). The maneuver is successfully recreated using the
input parameterization by assigning a non-zero value to
the cs« parameter.

OPTIMALITY OF THE “LATE-APEX” LINE

In this section we discuss the results of an additional
optimization scenario in order to underline the optimality
of the “late-apex” line followed during the execution of the
TB technique.
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Figure 3: Trail-Braking trajectory along a 60deg corner.
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Figure 5: Trail-Braking trajectory along a 90deg corner.

04 1
—— Parameterized I

—— Parameterized
03

02
0.1

-0.1
-02
-03

-04
[}

65

60 ol
55
-5
=50
< ;,6-10
g45 &
> 40 =15

35 20
Parameterized
30 2 - NPSOL
250 2 4 6 8 0 2 4 6 8
t (sec) t(sec)
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Figure 7: Trail-Braking trajectory along a 135deg corner.
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Figure 8: Driver inputs, vehicle speed and slip angle
during a 135deg Trail-Braking.
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Figure 10: Driver inputs, vehicle speed and slip angle
during a 180deg Trail-Braking.

Table 2: Optimization results.

Corner ty tr o % Ats
Angle (NPSOL) (parameterization)

60deg 3.57sec 3.64sec 1.9
90deg 4.72sec 4.80sec 1.7
135deg 5.80sec 5.90sec 1.7
180deg 7.40sec 7.42sec 0.2

We consider the minimum time cornering problem along
a 90deg corner with modified boundary conditions. In
particular, we replace the boundary condition (7) with x; =
-30m, allowing significant space for the vehicle to return
to the stable, straight line driving condition after the

corner. We will refer to the solution to the new
optimization scenario as the baseline solution.

The baseline (x; = -30m) trajectory is shown in Fig.11,
while the optimal control inputs, velocity profiles and
vehicle slip angles of both baseline and TB (90deg) cases
are shown in Fig. 12. We notice that in the baseline
trajectory the optimal path takes advantage of the whole
width of the road, similar to the racing line followed by
closed circuit race drivers. This is in contrast to the TB
case, where the vehicle remains close to the inner edge
of the road after the corner. The TB maneuver lacks in
speed compared to the baseline solution. In fact the
baseline velocity profile is pointwise larger than the TB
profile as shown in Fig. 12, while the slip angles
developing in the baseline solution are considerably
smaller than the ones of the TB case. The TB maneuver,
however, minimizes time when the vehicle is required to
return to a straight driving condition in a short distance
after the corner, in which case the optimal path is the
“late-apex” line.

20

y(m)

1=15ec——*"$-

-20

a
t=0
30 \*ﬂ,

-30 -20 -10 0 10 20
x(m)

Figure 11: Baseline trajectory along a 90deg corner.
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Figure 12: Baseline vs Trail-Braking optimal solutions:
Steering, throttle/brake commands, vehicle speed and
slip angle.



IMPLEMENTATION USING A HIGH-FIDELITY
VEHICLE MODEL

The direct search method wused in the input
parameterization optimization scheme does not require
numerical or analytic gradients. Hence, this optimization
scheme does not require analytic expressions for the
vehicle model, and external vehicle dynamics simulation
software, such as CarSim [12], may be incorporated.

In [6] a parameterization of the steering, throttle and
braking commands was proposed to generate a TB
maneuver along a 90deg corner (Fig.13) using a high
fidelity vehicle model. The CarSim vehicle model
incorporates realistic powertrain and brake system
models. To this end, we choose to decouple the braking
and throttle commands as shown in Fig.13, rather than
use the compound throttle/brake command ur of the
previous formulations. In the following we validate this
parameterization of the control inputs by applying the
optimization scheme of the previous section, in
conjunction with CarSim, along 60, 90, 135 and 180deg
corners. An All-Wheel-Drive (50/50 torque and brake
distribution), 2.5L-115kw engine sedan was chosen for
these calculations.

In Fig. 13 the optimal steering, braking and throttle
commands are shown. Notice that certain parameters
(ps, psi and, p.) are common for all optimization cases.
We have deliberately fixed the values of these
parameters in order to further reduce the optimization
search space. This simplified optimization scheme,
however, is still successful in reproducing TB maneuvers
along all corner geometries. We observe that throttle and
brakes are applied simultaneously during the execution of
the maneuvers, which corresponds to the so-called “left-
foot-braking” [7], [8] typically used in rally driving to fine
tune the normal load distribution among the wheels and
correct excessive under/over-steer.

The velocity profile and vehicle slip angle along each
optimal trajectory are shown in Fig.14. In the same figure
the front and rear normal loads are shown, demonstrating
the longitudinal load transfer effects that take place
during acceleration and deceleration and play a key role
in the TB maneuver. The braking command results in
load transfer from the rear to the front axle, assisting in
the initial rotation of the vehicle. Conversely, the throttle
command results in load transfer from the front to the
rear axle, in order to control the yaw motion at the exit of
the corner. Figures 15, 16, 17 and 18 show the optimal
trajectory of the vehicle along the 60, 90, 135 and 180deg
corners, respectively.

CONCLUSION

In this work we present several numerical optimization
schemes used to reproduce a specialized high-speed
cornering maneuver used in rally racing (Trail-Braking). A
previously introduced nonlinear programming (NLP)
optimization approach was used in order to verify the
optimality properties of Trail-Braking along a variety of
corner geometries. In addition, the optimality of “late-

apex” lines, typically followed by rally drivers, was
demonstrated by appropriately modifying the boundary
conditions of the optimization formulation. We have
demonstrated that a simple, common input
parameterization can be used to reproduce TB
trajectories along different corner geometries, while the
trajectories generated are very close to the optimal ones.
This numerically efficient optimization scheme was
implemented in various corner scenarios using a highly
accurate vehicle model, providing further validation of the
proposed input parameterization for Trail-Braking.

Further work in the analysis of the Trail-Braking
maneuver will involve a sensitivity analysis with respect
to variations in the entry speed and the road surfaces. A
similar analysis on the Pendulum-Turn and other rally
driving techniques is under way. We envision that a rich
library of maneuvers will be constructed aiming at the
development of virtual tuning tool for rally cars (similar to
lap time simulation tools for closed circuit races) and
intelligent algorithms  for  high-speed control of
autonomous vehicles.
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Figure 16: Trail-Braking through the 90deg corner.



Figure 18: Trail-Braking through the 180deg corner.
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